Abstract. In this work, we introduce a noncommutative analogue of the Figà-Talamanca-Herz algebra Ap(G) on the natural predual of the operator space M p,cb of completely bounded Schur multipliers on the Schatten space Sp. We determine the isometric Schur multipliers and prove that the space Mp of bounded Schur multipliers on the Schatten space Sp is the closure in the weak operator topology of the span of isometric multipliers.
Introduction
The Fourier algebra A(G) of a locally compact group G was introduced by P. Eymard in [9] . The algebra A(G) is the predual of the group von Neumann algebra V N (G). If G is abelian with dual group G, then the fourier transform induces an isometric isomorphism of L 1 G onto A(G). In [10] , A. Figà-Talamanca showed, if G is abelian, that the natural predual of the Banach space of the bounded Fourier multipliers on L p (G) is isometrically isomorphic to a space A p (G) of continuous functions on G. Moreover A 2 (G) = A(G) isometrically. In [12] and [9] , C. Herz proved that the space A p (G) is a Banach algebra for the usual product of functions (see also [19] ). Hence A p (G) is an L p -analogue of the Fourier algebra A(G). These algebras are called Figà-Talamanca-Herz algebras. In [24] , V. Runde introduced an operator space analogue OA p (G) of the algebra A p (G). The underlying Banach space of OA p (G) is different from the Banach space A p (G). Moreover, it is possible to show (in using a suitable variant of [15, Theorem 5.6 .1]) that OA p (G) is the natural predual of the operator space of the completely bounded Fourier multipliers. We refer to [5] , [6] , [14] and [25] for other operator space analogues of A p (G).
The purpose of this article is to introduce noncommutative analogues of these algebras in the context of completely bounded Schur multipliers on Schatten spaces S p . Recall that a map T : S p → S p is completely bounded if Id Sp ⊗ T is bounded on S p (S p ). If 1 p < ∞, the operator space CB(S p ) of completely bounded maps from S p into itself is naturally a dual operator space. Indeed, we have a completely isometric isomorphism CB(S p ) = S p ⊗S p * * where ⊗ denote the operator space projective tensor product. Moreover, we will prove that the subspace M p,cb of completely bounded Schur multipliers is a maximal commutative subset of CB(S p ). Consequently, the subspace M p,cb is w*-closed in CB(S p ). Hence M p,cb is naturally a dual operator space with M p,cb = S p ⊗S p * /(M p,cb ) ⊥ * . If we denote by ψ p : S p ⊗S p * → S 1 the map (A, B) → A * B, where * is the Schur product, we will show that (M p,cb ) ⊥ = Ker ψ p . Now, we define the operator space R p,cb as the space Im ψ p equipped with the operator space structure of S p ⊗S p * /Ker ψ p . We have completely isometrically R p,cb * = M p,cb .
Moreover, by definition, we have a completely contractive inclusion R p,cb ⊂ S 1 . Recall that elements of S 1 can be regarded as infinite matrices. Our principal result is the following theorem.
Theorem 1.1. Suppose 1 p < ∞. The predual R p,cb of the operator space M p,cb equipped with the usual matricial product or the Schur product is a completely contractive Banach algebra.
In [27] and [17] , R. S. Strichartz and S. K. Parott showed that if 1 p ∞, p = 2 every isometric Fourier multiplier on L p (G) is a scalar multiple of an operator induced by a translation. In [10] , A. Figà-Talamanca showed that the space of bounded Fourier multipliers is the closure in the weak operator topology of the span of these operators. We give noncommutative analogues of these two results. The paper is organized as follows. In §2, we fix notations and we show that the natural preduals of M p and M p,cb admit concrete realizations as spaces of matrices. We give elementary properties of these spaces.
In §3, we show that the operator space R p,cb equipped with the matricial product is a completely contractive Banach algebra.
In §4, we turn to the Schur product. We observe that the natural predual R p of the Banach space M p of bounded Schur multipliers is a Banach algebra for the Schur product. Moreover, we show that the space R p,cb equipped with the Schur product is a completely contractive Banach algebra.
In §5, we determine the isometric Schur multipliers on S p and prove that the space M p is the closure in the weak operator topology of the span of isometric multipliers.
Preduals of spaces of Schur multipliers
Let us recall some basic notations. Let T = {z ∈ C | |z| = 1} and δ ij the symbol of Kronecker.
If E and F are Banach spaces, B(E, F ) is the space of bounded linear maps between E and F . We denote by ⊗ γ the Banach projective tensor product. If E, F and G are Banach spaces we have (E ⊗ γ F ) * = B(E, F * ) isometrically. In particular, if E is a dual Banach space, B(E) is also a dual Banach space. If (E 0 , E 1 ) is a compatible couple of Banach spaces we denote by (E 0 , E 1 ) θ the intermediate space obtained by complex interpolation between E 0 and E 1 .
The readers are refereed to [3] , [7] , [18] and [23] for the details on operator spaces and completely bounded maps. We let CB(E, F ) for the space of all completely bounded maps endowed with the norm T E− →F,cb = sup
When E and F are two operator spaces, CB(E, F ) is an operator space for the structure corresponding to the isometric identifications M n CB(E, F ) = CB E, M n (F ) . The dual operator space of E is E * = CB(E, C). If E and F are operator spaces then the adjoint map T → T * from CB(E, F ) into CB(F * , E * ) is a complete isometry.
If I is a set, we denote by C I the operator space B C, ℓ I 2 and by R I the operator space B ℓ I 2 , C . We have a complete isometry B ℓ I 2 = CB C I (see [3, (1.14) ]). The complex interpolated space between two compatible operator spaces E 0 and E 1 is the usual Banach space E θ with the matrix norms corresponding to the isometric identifications M n (E θ ) = M n (E 0 ), M n (E 1 ) θ . Let F 0 , F 1 be two other compatible operator spaces. Let ϕ : E 0 + E 1 → F 0 + F 1 be a linear map. If ϕ is completely bounded as a map from E 0 into F 0 , and from E 1 into F 1 , then, for any 0 θ 1, ϕ is completely bounded from E θ into F θ with
If E 0 ∩ E 1 is dense in both E 0 and E 1 , we have a completely contractive inclusion
We denote by ⊗ the operator space projective tensor product, by ⊗ min the operator space minimal tensor product, by ⊗ h the Haagerup tensor product, by ⊗ σh the normal Haagerup tensor product, by ⊗ the normal spatial tensor product, by ⊗ w * h the weak* Haagerup tensor product and by ⊗ eh the extended Haagerup tensor product (see [3] , [8] and [26] ). Suppose that E, F, G and H are operator spaces. If ϕ : E → F and ψ : G → H are completely bounded maps then the maps ϕ ⊗ ψ : E ⊗ h G → F ⊗ h H and ϕ ⊗ ψ : E ⊗G → F ⊗H are completely bounded and we have
If E, F are operator spaces, we have E ⊗ h F ⊂ E ⊗ w * h F completely isometrically (see [3] page 43).
If E, F and G are operator spaces, we denote by CB(E × F, G) the space of jointly completely bounded map. We have
completely isometrically. Consequently, we have E ⊗F * = CB(E, F * ) completely isometrically. In particular, if E is a dual operator space, CB(E) is also a dual operator space.
At several times, we will use the next easy lemma left to the reader.
Lemma 2.1. Suppose E and F are operator spaces. Let V : E → F and W : F → E be any completely contractive maps. Then the map
is completely contractive. Moreover, if E and F are reflexive then this map is also w*-continuous.
A Banach algebra A equipped with an operator space structure is called completely contractive if the algebra product (a, b) − → ab from A × A to A is a jointly completely contractive bilinear map.
We equip ℓ I ∞ with its natural operator space structure coming from its structure as a C * -algebra and the Banach space ℓ I 1 with its natural operator space structure coming from its structure of predual of ℓ I ∞ .
If I is an index set and if E is a vector space, we write M I (E) for the space of the I × I matrices with entries in E. We denote by M fin I (E) the subspace of matrices with a finite number of non null entries. For I = {1, . . . , n}, we simplify the notations, we let M n (E) for M {1,...,n} (E). We write M fin for M fin N (C). We use the inclusion M I ⊗ M I ⊂ M I×I with the identification [A ⊗ B] (t,r),(u,s) = a tu b rs . For all i, j, k, l ∈ I, the tensor e ij ⊗ e kl identifies to the matrix [δ it δ ju δ kr δ ls ] (t,r),(u,s)∈I×I (see [7] page 5 for more information on these identifications).
Given a set I, the set P f (I) of all finite subsets of I is directed with respect to set inclusion. For J ∈ P f (I) and A ∈ M I , we write T J (A) for the matrix obtained from A by setting each entry to zero if its row and column index are not both in J. We call T J (A) J∈P f (I) the net of finite submatrices of A.
The Schatten-von Neumann class S is the space of those compact operators C from ℓ We equip S I ∞ with its natural operator space structure coming from its structure as a C * -algebra. We equip S isometrically (see [23] page 140 for interesting remarks on this definition). By the same way, we define an operator space structure on S
Elements of S
. We will often silently use these identifications. By the same way, we define S 
is jointly completely contractive.
Proof. We denote β : ℓ
. Then by tensoring, the map
∞ is completely contractive. Now recall that we have a completely isometric canonical map ℓ Then we can define the completely contractive map
As
The following theorem (and the comments which follow) is a noncommutative version of a theorem of Figà-Talamanca [10] . This latter theorem states that the natural predual of the space of bounded Fourier multipliers admits a concrete realization as a space A p (G) of continuous functions on G. In the sequel, we consider the dual pairs CB(S Proof. We will only prove the part 1. The proof of part 2 is similar.
. We deduce that, if
Now, it is easy to see that we have
Thus we have Ker ψ
. Now we will show that Ker ψ and isometric isomorphisms
Suppose 1 p q 2, we have injective contractive maps
(see [11] page 219). One more time, by duality, we deduce that we have injective contractive inclusions 
where the infimum is taken over all possible ways to represent C as before. We observe that we have an inclusion M Proof. We only prove the assertions for the operator space R 
Moreover, for all
. 
Thus we see that the linear map P (T ) is actually completely bounded and that we have P (T ) cb,S
by Lemma 2.1.
Thus we obtain
T Mn(CB(S I p )) . We deduce that the map P : CB S ∞ . We will show that the inverse map is completely contractive. We have a complete isometry
Now we know that (R I×I ) * = C I×I . Then we deduce a complete isometry
By interpolation, we deduce a complete contraction
Recall that we have C I×I , R I×I 1 2 = S I 2 completely isometrically (see [21] pages 137 and 140). Then we have a complete contraction
Finally, we obtain a complete contraction ℓ
. We obtain the other isomorphism by duality.
2) Let 1 p q 2. Recall that we have a contraction from M 
Non commutative Figà-Talamanca-Herz algebras
We begin with the cases p = 1 and p = 2. Recall that we have a completely isometric isomorphism R 
By tensoring, we deduce a completely contractive map
By composition with the canonical completely contractive map
we obtain a completely contractive map
, we obtain the completely contractive map
This means that the space R I 1,cb equipped with the matricial product is a completely contractive Banach algebra. Now, recall that we have R In the following proposition, we give a link between R I p,cb and R I×I p,cb . Proposition 3.1. Suppose 1 p < ∞. Then there exists a canonical complete contraction
Proof. The identity mapping on S 
is completely isometric. We will prove that there exists a unique linear map such that the following diagram is commutative and that this map is completely contractive.
We have R 
Then, in the space S I 1 , we have
Moreover, note that, by continuity of the map ψ is convergent. Now, we have
We prove that S Proof. For all i, j, k, l, r, s, t, u ∈ I, we have We conclude that W is the dual map of V . The fact that V induces a partial isometry is clear. 
and
b ijjl ⊗ e rs e il e tu ⊗ e sr e jj e ut 
Recall that, for all operator spaces E and F , the map R ⊗ T → R ⊗ T is completely contractive from CB(E) ⊗CB(F ) into CB E ⊗ min F and from CB(E) ⊗CB(F ) into CB E ⊗F (see [4, Proposition 5.11] ). 
Moreover it is easy to see that this map is w*-continuous. Since S 
Thus we conclude that, if A, B ∈ M 
Schur product
In this section, we replace the matricial product by the Schur product. First, it is easy to show the following proposition. Proof. It suffices to use the equality (2.2) and the fact that S I p equipped with the Schur product is a Banach algebra (see [3] page 225). Now we will show the completely bounded analogue of this proposition. We define the pointwise product P : ℓ This map is well-defined and is completely contractive (see [3] page 211). Then, by tensoring, we obtain a completely contractive map P ⊗ P : ℓ Examine the first case, we have for all k, l ∈ I U e kl V = C * e kl .
Hence, for all i, j ∈ I, we have the equality Then u kk v ll = c kl . Each c kl is non null since the image of each e kl by the map M C cannot be null. Then, for all k and all l, we have u kk = 0 and v ll = 0. And for i = k, we have u ik v ll = 0. Then if i = k, we have u ik = 0. Now if j = l, we have u kk v lj = 0. Then if j = l, we have v lj = 0. Finally, for all i, j ∈ I, we define the complex numbers a i = u ii and b j = v jj . Since the diagonal matrices U and V are unitaries, we have a i , b j ∈ T. Thus we have the required form. Examine the second case. We have for all k, l ∈ I U e lk V = C * e kl .
We deduce that, for all i, j, k, l ∈ I, we have The next result is the noncommutative version of a theorem of Figà-Talamanca [10] which states that the space of bounded Fourier multipliers is the closure in the weak operator topology of the span of translation operators.
